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Heisenberg's nonperturbative quantization technique is applied for the nonpertrubative quantiza- 
tion of gravity. An infinite equations set for all green functions is obtained. An approximation is 
considered where: (a) the metric remains as a classical field; (b) the affine connection can be decom- 
posed on a classical and quantum parts; (c) the classical part of the affine connection is Christoffcl 
symbols; (d) the quantum part is a torsion. Using a scalar and vector fields approximation it is 
shown that nonperturbative quantum effects gives rise to a cosmological constant and an Euclideza- 
tion of the spacetime. The Euclidezation can be considered as the cancellation of a cosmological 
singularity. 
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t^. , Up to now general relativity has so far refused to be quantized: it remains as an entirely classical theory. Using the 
same methods for quantization that were successful for electroweak interaction does not bring the desired result. Let 
us note that similar problem we have for quantizing quantum chromodynamics: well known confinement problem. 
q-i Probably it is not that gravity can not be quantized. There were attempts to quantize gravity by the nonperturbative 
procedures but the result is non-renormalizable and can in the best case merely be understood as an effective, not as 
a meaningful fundamental theory. 

Here wc will consider Heisenberg's nonperturbative quantization technique used for general relativity. In our 
approach (following to Heisenberg) we write an infinite equations set for all Green functions. Probably it is a causa 
mortis to search an exact solution for such infinite equations set. More realistic is to use approximate approaches. 
qq , For example, one can cut off this infinite equations set using some approximation for n—th Green function. In such 

■ approximation n—th Green function should be decomposed through i—th Green functions with i < n. Or one can 
\& \ write some functional generated by the metric and affine connection. Varying with respect to variables describing 

■ Green functions one can obtain a finite equations set describing finite set of Green functions. 
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I. INTRODUCTION 



In 50— th Heisenberg has offered the method for the nonperturbative quantization of a nonlinear spinor field 
Following to Heisenberg, nonperturbative operators of a quantum field can be calculated using corresponding field 
equation(s) for this theory. The main idea is that corresponding field equation(s) is(are) written for quantum field 
\ operators. 

According Heisenberg [l[ quantum operators of the metric g^ v and the affine connection f p v obey to operator 
Einstein equations in the Palatini formalism 



T p = G p + K p (1) 



Ri«> - lh» R = o, (2) 



2 y \ dx» dx» dx« > 



here we consider Einstein gravity without the matter; is the operator of the Ricci tensor; G p 1 are the operators 
of Christoffel symbols; K 9 ^ is the operator of contorsion tensor and R is the operator of the scalar curvature denned 
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in usual manner 
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The operator of contortion tensor K 9 ^ is defined via the operator of torsion tensor Q u „ p 
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k p — Q p +Q 9 —O p 

J ^ fj,u '•e pv i pv ^iv p- 

The operator of the torsion tensor is the skew-symmetric part of the affine connection 

O p = - (T P -T 

^0 pv r> V UU VL 
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The nonperturbative quantization for Einstein gravity means that the quantum operators T, g obey the operator Einstein 
equations © ([2]). 

To the end of this section we follow to Ref. (H . Now we have obtained an extremely complicated problem for solving 
operator Einstein equations © ©. Hciscnbcrg's approach for solving this problem is to write an infinite equations 
set for all Green functions 



(Q | the product of g and T at different points ( 
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where |Q) is a quantum state. For the simplicity below we will write (• • • ) instead of (Q \ - ■ ■ \ Q) ■ Schematically the 
first equation © has (T 2 ) and (r ■ g) terms; the second equation © has g ■ T and g ■ g pv ■ dg; the third equation (flU)) 
has (dT ■ r) and (r 3 ) terms and so on up to infinity. Thus all equations are connected and this is the main problem 
to solve such infinite equations set. Similar equations set one can find in statistical physics and turbulence theory. 
One can also remember the Hciscnbcrg's matrix mechanics which is working with an infinite equations set for matrix 
elements. On the pcrturbative language Eq's ([8))- (|19|) arc Dyson - Schwingcr equations but usually (for instance, in 
quantum electrodynamics) they are written on the Feynman diagrams language. 



In Eq's ©-(UU) there are products like T n 



or r™ 



By using the perturbative approach 



(Feynman diagram technique) these products leads to singularities because the product of field operators (for free 
fields) in one point is poorly defined. We have to point out on the difference between such products by perturbative 
and nonperturbative quantization: for the nonperturbative quantization such singularities may be much softer or 
be absent in general |l|. The matter is that in the perturbative approach we have moving particles (quanta) only. 
The communication between two spacetime points is carried by such quanta. Consequently the correlation function 
between these points (Green function) is not zero only if the interaction between points with quanta is possible. It 
means that corresponding Green function is not zero inside of a light cone and is zero outside of them. Such kind 
of functions have to be singular on the light cone (it is well known). But for the nonperturbative case it is not the 
case: for self-interacting nonlinear fields may exist static configurations. For instance, it can be a nucleon, a glueball, 
a flux tube stretched between quark and antiquark and filled with a longitudinal chromoelectric field and so on. In 
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this case the correlation function (Green function) is not zero outside of the light cone. This is the reason why the 
Green function for the nonperturbative case is not so singular in the comparison with the perturbative one. 

Mathematically it can be explained in such a way: for free and interacting operators of quantum fields we have two 
different algebras. For free fields the algebra is well known and it is described by canonical commutations relationships 
where commutators and anticommutators are distributions. But for interacting fields the algebra is unknown and 
above we bring forward arguments that defining relationships will be ordinary functions (not distributions). 

It is high probable that the equations set neither (HJ-© nor (|5|)- ([T51) can not be solved analytically. One possible 
way to solve approximately these equations is following. We decompose n—th Green function 

G n = G(xi,x 2 ■■■ , x n ) = (T(xi) ■ ■ ■ g(x m ) ■■■) (20) 

on the linear combination of the Green functions products of lower orders 

G n (x 1 ,x 2 ■■ ■ ,x n ) saG„_ 2 (x3,X4 • • • ,x n ) [G 2 (x 1 ,x 2 ) - C 2 ] + 

(permutations of x±, x 2 with £3, •• • ,x n )+ (21) 
Gn-3 (G3 — Gs) H 

where C2.3... are constants. In such a way one can cut off the infinite equation set (f5|)- (|19p . Such technique is applied 
for solving similar equations set in statistical physics and turbulence theory. 

Another way to solve approximately the infinite equation set (f8|)- (p~9j) is choose some functional (for instance, the 
action or something like to gluon condensates in quantum chromodynamics and write down its average expression 
using corresponding Green functions. After that it is necessary to use some well- reasoned physical assumptions to 
express the highest order Green function through Green function of lower order, see the decomposition (|2ip . Finally 
we will have a functional which can be used to obtain Euler - Lagrange field equations for Green functions. 

Let us note that equations (f5|)- (jT^|) are similar to: (a) a Bogolyubov chain of equations (hierarchy) for the one- 
particle, two-particle, etc., distribution functions of a classical statistical system; (b) Dyson - Schwingcr equations for 
n-point Green functions in quantum field theory; (c) equations connecting correlation functions for velocities, pressure 
and density in a turbulent fluid. In all cases the solution methods arc similar to discussed above: the decomposition 
of n-point corresponding functions on the product of lower order functions. For us more interesting is the case (b): 
Dyson - Schwinger equations. In a perturbative quantum field theory these equations usually written on the language 
of Feynman diagram technique. But for us this approach is not inapplicable because the gravity is strongly self- 
interacting system. Heisenberg has applied nonperturbative technique for the quantization of a nonlinear spinor field 
In Ref. 0] Heisenberg's technique was applied for the quantization in quantum chromodynamics and it was 
shown that such approach leads to the description of a gluon condensate in: (a) a glueball; (b) a flux tube filled with 
a longitudinal color electric field and stretched between quark - antiquark located at ± infinities. 

The approximations from [H,0| are not applicable for the quantization of general relativity because the nonlinearities 
in gravity are extremely strong. In usual field theory the nonlinearities are in potential term but in gravity they are in 
kinetic term. Therefore we can not apply the nonperturbative quantization methods from usual quantum field theory 
to the quantization of gravity. 



III. SCALAR FIELD APPROXIMATION FOR EINSTEIN EQUATIONS CORRECTED BY QUANTUM 

TORSION 

In this section we will show that in quantum gravity the fluctuating torsion gives rise to a cosmological constant 
both by perturbative and nonperturbative calculations in quantum gravity. Firstly we remember these results from 
perturbative calculations [j| . Then we show that the same result one can obtain in nonperturbative quantum gravity. 



A. Perturbative calculations with fluctuating torsion 



In Ref. Q the torsion has been considered as a collective classical field that should be quantized. The collective 
field can be presented as 

Q» = Ql + ^ (22) 

where Q ^ is the classical torsion and is quantum fluctuations. Minimizing an effective potential of torsion field 
and taking into account the polarization of a matter field vacuum it was shown that 

Q° - 0. (23) 
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The calculations show that 

(QfiQ 1 *) = 2Ag + radiative corrections (24) 

where Aq is some constant. The result is given that by low energies the gravity theory with the torsion and near 
an energy minimum is equivalent to Einstein gravity with a cosmological constant. The cosmological constant is the 
consequence of spin-spin gravitational interaction. 

In the next subsection we would like to show that similar result can be obtained by a nonperturbative quantization 
of gravity. 

B. Nonperturbative calculations with fluctuating torsion 

For the derivation of the cosmological constant as a quantum gravity nonperturbative effect we will assume that 
the expectation value of the contortion tensor is zero 



where G p ^„ is the classical Christoffel symbols. It means that 

= (26) 
but the standard deviation of the contortion tensor is not a zero 

((fv)V (GV)2 (27) 

i.e. 



(^V) 2 Vo. (28) 



For the simplicity we assume that the contortion tensor is absolutely antisymmetric K ppv = K\ pjlv \ also. In this case 

I^-ppU Q PILU Q[ppv] (29) 

where Q ppv is the operator of torsion tensor. Our strategy for the nonperturbative calculations is following: using 



some assumptions on the standard deviation of the torsion tensor ( [Q p pu j ) we will average Einstein operator 

equation © with the operator of affine connection from (fTJ and the operator of Ricci tensor from (0} . 
Our basic assumption is so called scalar field approximation 

(Qp 1 p 1 y 1 {xi)Qp 2P2 y 2 (x 2 )^ = se Pl p lUia E P2Pj2V2l3 g aP (f)* (xi)4>(x 2 ) (30) 

where e ppva is the absolutely antisymmetric Levi - Civita tensor; <; = ±1 Q and <fr(x) is a scalar field. Averaging of 
the Ricci tensor operator (@| gives us 

(r^(x)) = r pv {x) + (q p P A*W pA*)) - (q p p Ax)Q%„(*)) (31) 

where R^ v is the Ricci tensor calculated from the Christoffel symbols. In the consequence of the torsion antisymmetry 
(f2U)) we have Q a pa = and the expectation value of Ricci operator is 

R,*u(x)) =^W^)-6^H 2 - (32) 
Now we can calculate the expectation value of the left side of Einstein equations 

1 »\ 1 2 

Rpv{x) ~ -jQp,vR) = Rpv{x) - -9pvR - |0| . (33) 
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Thus vacuum Einstein equations with nonperturbative quantum gravitational admixtures are 

R„ v - \g^R - 6sg»u H 2 = o (34) 

Now we would like to obtain an equation for the scalar field <fi approximately describing nonperturbative quantum 
gravitational effects. In order that vacuum Einstein equations 

- \g»»Rj = o (35) 

would be not overdetermined we demand that 



Taking into account that 



we obtain desired equation for 



K ~ \^R ) = (37) 



2 



IC = I0L = O. (38) 

Eq. (|37p is the Bianchi identity for the quantities i? M „ and R constructed from the Christoffel symbols. 0-equation 
(|38|) gives us following solution 

<f> = const (39) 

and we can identify the scalar field describing the nonperturbative quantum effects with a cosmological constant in 
the following way 

A=-6^|0| 2 . (40) 

The results of this subsection arc following: 

• nonperturbative quantum gravitational effects lead to the cosmological constant; 

• these nonperturbative effects appear from quantum torsion. 



IV. EUCLIDEZATION FROM NONPERTURBATIVE QUANTUM GRAVITY EFFECTS 

In the previous section we have shown that in the first approximation nonperturbative quantum gravity effects 
lead to the appearance of the cosmological constant. Now we would like to consider another approach: a vector 

field approximation for (q 2 ^ . We will see that in this case nonperturbative quantum gravity effects give rise to an 

Euclidczation of a spacetime and following to Hawking may cancel a cosmological singularity. 



A. Vector field approximation for Einstein equations corrected by fluctuating torsion 

The main difference with the previous section is the assumption on the expected value of the square of torsion 
operator. Unlike the scalar field approximation p0[) we will use in this situation a vector field approximation 

pp,v = Q[pfiu]- (41) 

(42) 

(43) 

( Q plf-Llfl {%l)Q P2fl>2V<2 (^2)^} = ^ e Plt i lVia £p 2 ^ 2 u 2 f)A a {xi)A fi (x2) (44) 



K 


= Q 




= 










+ 0. 
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where we again introduce <; = ±1 since we can not fix the sign of the RHS of (|44|) . The expectation values of the 
Ricci and scalar curvature operators with the vector field approximation for the nonperturbative gravity quantization 
will be 

= Rfiv ~~ (Q p \j,aQ a P u) = R/tv — ? £P fiaa £<7 pvf)A a A 13 = Rp U + 2<r (gp U A a A a — ApA v ) , (45) 
'A\ = R + QsA^A^, (46) 
Vacuum Einstein equations will be 

R„u - \g^R - ? {dp-vA a A a + 2ApA v ) = (47) 

The same requirement as (|35|) -(|37 |) gives us the following equation for the vector field A^ 

(5£A a A a + 2A»A v ). lt = (48) 

or 

(A a A Q )„ + 2A»A„ + 2A»A^=Q (49) 



B. Euclidezation . . . 



In this subsection we would like to solve Einstein equations (|47[) with terms describing nonperturbative quantum 
corrections appearing from the quantum fluctuating torsion. These corrections approximately are described with a 
vector field A^ obeying to Eq. (|4"9"]l . Our main goal here is to show that near to an origin (where a singularity 
is located) the metric (which is the solution of equations (|4"7|) (|48p) is regular. It means that the nonperturbative 
quantum gravity effects may cancel singularities. 

Let us consider the spherically symmetric metric 

dr 2 

ds 2 = b 2 (r)A(r)dt 2 - -— - r 2 (d6 2 + sin 2 Qdtp 2 ) (50) 
A(r) 

and vector Ap is 

A M = (<i>{r), 0,0,0). (51) 

The corresponding Einstein and A^ equations (|48|) are 

A' A - 1 r<f) 2 

r r = 0, 52 

A rA b 2 A 2 y 

b' A' A - 1 r<f> 2 

h + A + — + ^ = °> (53) 

1A" b" 3 b' A' A' b' <j) 2 

2A + I + 2tA + ^ + ^ + ^ = °> (54) 

0' 26' A' 

^ ~ T ~ a" 



0. (55) 



The solution of this equations set is given in Appendix lAl 
We will consider the solution (|A9[) with C\ = 



The metric dSH is 



(56) 



= C + 4. (57) 
'o 



1 r/r 2 

ds 2 = --dt 2 - - r 2 (dd 2 + sin 2 9dip 2 ) . (58) 
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Considering the case <;, C = +1 and introducing new coordinate x — arssinhj 1 we obtain the metric 

ds 2 = -dt 2 - ll [d X 2 + sinh 2 X (dO 2 + sin 2 6 dip 2 )] . (59) 

and we obtain very unexpected result: gu = — 1 is negative and t becomes an imaginary time. In our opinion the 
physical sense of this result is following: the nonperturbative quantum gravitational corrections change the signature 
of the spacetime. Let us note that the scalar curvature R is nonsingular. 

Following to Hawking we offer the following interpretation of this solution. It is evidently that quantum effects are 
essential near to the origin t = only. Far away from the origin these effects should be neglected. It allows us to 
assume that far away from the origin we have to join the metric (|59[) with a cosmological metric having Big Bang 
singularity. It means that the nonperturbative quantum gravitational corrections cancel the cosmological singularity 
with an Euclidezation of a cosmological metric near to a singularity. 



V. CONCLUSIONS 



We have shown that Heisenberg's nonperturbative quantization technique can be applied in quantum gravity. We 
have written an infinite equations set describing all Green functions for the metric and the affine connection. Such 
equations system can not be solved exactly and we have offered some approaches to solve approximately this system. 

In this paper we have considered an approximation (for the Palatini formalism) when the metric remains as a 
classical field and the affine connection as a quantum field. In our approximation the affine connection can be 
split into two parts: the first one is the classical Christoffcl symbols and the second one is the quantum torsion. 
Using a scalar and vector field approximations we have shown that: (a) in the first case nonperturbative quantum 
corrections looks like a cosmological constant; (b) in the second case nonperturbative quantum corrections gives rise 
to an Euclidezation of a Lorentzian metric. In the second case our physical interpretation is that the nonperturbative 
quantum corrections appearing from a quantum affine connection (from torsion) gives rise to the cancellation of a 
cosmological singularity. 

Another interesting result is that vacuum Einstein equations gives us regular solutions. The reason of this fact is 
that nonperturbative quantum gravitational effects arc taking into account. 
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Appendix A: Solution of corrected Einstein equations in vector field approximation 



Equation (JSSJ) has the following solution 

b 2 A 



(AI) 
to 



where Iq is an integration constant. That leads to the following equations set 



A' A - I rb 2 , k , 

3^-2- = 0, (A2) 



A rA ll 



b' rb 



b <1T (A3) 
I A" b" 3 b' A' A' V b 2 

2^ + T + 2jA + VA + -b + '¥ Q = °' (A4) 

Equation (|A3|) has the solution 

b 2 = l — (A5) 



where C is an integration constant. 
Let us consider two different cases. 

1. C = 0. In this case taking into account equation (|A2p we have the following solution 

lo 



b = 



A 



(A6) 
(A7) 



where r is a constant. The metric has the form 



r 2 J Sr-1 



Sill 



(A8) 



where we have rescale the time t in such a way that r = l . 

2. C^O. In this case equation (|A2[) gives us the following solution 



A = 1 



2 ^(-c 3/2 



1 

c 



2 \ 1/2' 



c x U + c- 



(A9) 



where Ci is an integration constant. The metric has the form 



ds 2 



1 

C 7 



2 \ 1/2' 



Cx u + c- 



dt 2 



dr 2 



p a/2' 



(d0 



2 i -2 
1 Sill 



(A10) 
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